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In the author's paper Ref. [T] the integrable structure of the symmetry reduced bosonic 
dynamics in the low energy heterotic string effective theory was presented. In that paper, 
for a complete system of massless bosonic fields which includes metric, dilaton field, 
antisymmetric tensor and any number of Abelian vector gauge fields, considered in the 
space-time of D dimensions with D — 2 commuting isometrics, the spectral problem 
equivalent to the symmetry reduced dynamical equations was constructed. However, the 
soliton generating transformations were described in that paper only for the case in which 
all vector gauge fields vanish. In this paper, we recall the integrability structure of these 
equations and describe some new type of soliton generating transformations in which the 
vector gauge fields can also enter the background (seed) solution as well as these can be 
generated even on vacuum background by an appropriate choice of soliton parameters. 
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Massless bosonic sector of the low-energy heterotic string theory 

The massless bosonic part of heterotic string effective action in the string frame is 

S = y e - $ |^)+ V M $V M I - -^H MNP H MNP -\fy MN ^F MN ^ ^yf-ddPx 

where M, N, . . . — 1,2, ... ,D and p = 1, . . . n, (D is the space-time dimension and 
n is a number of Abelian gauge fields); G M n possesses the "most positive" Lorentz 
signature. The components of a three-form H and two-forms F^' are determined in 
terms of antisymmetric tensor field B MN and Abelian gauge field potentials A M ^: 
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Metric G M n and dilaton field $ are related to the metric G M n and dilaton $ in the 
Einstein frame as G MN = e 2 *G MJV and $ = (£> — 2)$. 



Symmetry reduced bosonic dynamics 



In what follows, we assume that in the space-time of D dimensions with d = D 
commuting Killing vector fields, all "none-dynamical" field components vanish: 
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and all field components and potentials depend only on two coordinates x 1 and x 2 
(one of which can be time- like or both are space-like). The coordinates x 1 , x 2 can 
be chosen so that <? M „ takes a conformally flat form = frj^ with f(x l , x 2 ) > 0. 
As such coordinates, we choose "geometrically defined" functions a(x 1 ,x 2 ) and 
P(x l , x 2 ) (generalized Weyl coordinates) and use their linear combinations £ and 77: 

f€ = l3 + ja, a: det \\Gab\\ = e« 2 , 

\r) = P-ja, (3: d^ = ee„ v d v a, 

where e = — and t\ — ±1, e 2 — il are the sign symbols which allow to consider 
various types of fields. The matrix rf ,v is inverse to 77 M „ and — ri^e" ,v ' . The field 
equations imply that the function a > is "harmonic": 7y A " y f9 A1 9 1/ a = and fiix^) 
is defined as its "harmonically" conjugated. The parameter j • = 1 for e = 1 (the 
hyperbolic case) and j = i for e = — 1 (the elliptic case) . Therefore the coordinates 
£ and 77 respectively both are real or complex conjugated to each other. 



ei 
e 2 



1 

-1 



The spectral problem equivalent to dynamical equations 

As it was shown in Ref . [TJ the symmetry reduced dynamics of massless bosonic fields 
in heterotic string effective theory is integrable and the solution of the dynamical 
equations is equivalent to solution of the spectral problem found there. This spectral 
problem is formulated in terms of four (2d+n) x (2d+n)-matrices i), w), U(£, rj), 
77), W(£, 77, w) which should satisfy the linear system for \& with the algebraic 
conditions which determine the canonical Jordan forms of its coefficients: 



2(«J-0^* = U K>»7)* 
2{w-ri)d v * =V(C,77)* 



u u = u, 

V V = V, 



trU = d, 
trV = d, 



and this system should admit a symmetric matrix integral K(ui) such that 



* T W* = K(w) 
K T (w) = K(w) 



dW 

dw 



n = 




(i) 



(2) 



where w G C is a spectral parameter, is (2c? + n) x (2d + n)-matrix, is a d x d 
unit matrix. Denoting by W(3)(3) the lower right n x n block of W, we require also 

*(Z,r,,w) = *(lr],w), KH=K(tZJ), W (3)(3) = /„. (3) 

In accordance with Ref. [Q any solution {*,U,V,W} of the the Eqs. (U)-© de- 
termines uniquely some solution of the dynamical equations and vice versa. 



Soliton generating transformation 

Given some solution as background for solitons, we denote its (2d + n) x (2c? + n)- 
matrices by " o" , and for one soliton on this background we assume 



X 



X 



I 



X 



I 



Wo 



detx = 1 



November 17, 2010 1:43 



WSPC - Proceedings Trim Size: 9.75in x 6.5in MG12'2 



3 

where w is a real constant and (2d + n) x (2d + rt)-matrices R and S are real 

o 

and depend on £, r\ only. We also assume K(w) = K(w). Then the consistency 
conditions XX 1 — X X X — I imply S = — R and R • R = 0. This means that R is 
degenerate and for simplicity, we consider R having the rank equal to 1: 

R = n (gi m, (m • n) = 0, 

where m(£, rj) and n(£, 77) are (2d + n)-vector row and column respectively. Substi- 
tution of the above expressions into the Eqs. (HJ) — ([3j) leads to a set of relations at 
the pole w — w D and at w —t 00 which can be solved explicitly. Thus we obtain: 

U = U + 2r%R, V = V + 2d v K, W = W-fiR-R r -fi 

The vector functions m(£, rj) and n(£, 77) are determined by the expressions 

o o 2 

n = ae _1 p, m = k-*" 1 ^, rj, Wo ), p = 17, «>«>)• 1, ee = -(p T -fl-p). 

where the real (2d + n)-vectors k and 1 are constant; k is determined unequally in 
terms of 1, and the choice of 1 is arbitrary provided it satisfies an algebraic constraint: 

k=l T i(4 (1 T ■ K( Wo ) ■ 1) = 0. 

Thus, choosing any background solution and any real constant (2d + n)-vector col- 
umn 1 which satisfy only the last mentioned constraint, we can construct the matrix 
W whose components (in accordance with the expressions given in Ref. [1]) allow us 
to calculate all field components and potentials of generated one soliton solution. 

It is necessary to mention, however, that for stationary case, generation of one 
soliton can lead (similarly to vacuum solitons of Belinski and Zakharov) to a change 
of signature of metric and therefore the number of solitons in this case should be 
even. On the other hand, the described here one soliton generating transformation 
can be generalized easily to the multisoliton case. 
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